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Abstract. In this paper, we study the d equation on some convex domains 
of infinite type in C 2 . In detail, we prove that sup norm estimates hold for 
infinite exponential type domains provided the exponent is less than 1. 



1. Introduction 

Let be a smooth bounded domain in C™. Given a smooth d closed (0, l)-form 
/, one fundamental question is to study the supnorm estimates for the solutions 
of du = f. A positive answer is well known when fl is strictly convex or strongly 
pseudoconvex, by constructing integral formulas for d equations. Supnorm and 
Holder estimates have been established by Grauert and Lieb [3], Henkin [4] and 
Kerzman [8] etc. Indeed, supnorm and Holder estimates with order ^ still hold 
if ft C C" is convex of finite type with type m (see pj |2j). However, for infinite 
type convex domains, even supnorm estimates are still unknown. We discuss in 
this paper some examples of convex domains of infinite type in C 2 . In particular, 
for the bidisk rounded off by infinite exponential type hypersurface, we prove if the 
exponent is less than 1, the solutions given by the integral representation to the d 
equations have supnorm estimates. However, whether the exponent 1 is optimal for 
the supernorm estimate is still unclear to us. 

1.1. Infinite Type convex domains in C 2 . 

Problem. Assume that £1 is a bounded convex domain in C 2 . Can one solve the 
d— equation with supnorm estimates on f2? More precisely, does there exist a con- 
stant C = C(O) so that whenever f = Yli=i fi( z )d~Zi on ^ f or bounded measurable 
functions fi on fl, and df = in the sense of distributions, then is there a measur- 
able function u(z) on fl so that du = f and ||w||oc < C||/||oo' 

We note that we put no restrictions on the smoothness of the boundary of fi. We 
note that if we moreover would like to prove that the constant C(Q) only depends on 
the diameter of ft, which is the case in the corresponding problem for L 2 estimates 
[7j, then it suffices to study the case when the domain has smooth boundary and is 
strongly convex. 

There is a natural integral kernel to solve the d problem, namely the Henkin 
Kernel [4|: 

(t -n a 2 i \ f PCi (Cg -z 2 )- pq 2 (Ci - gi) , . 
(1.1) An u(z) = I ; — r— 1 -tttz kT J Au ( 

. f fi{Ci-Zi) + MC2-Z2) ~ _ „,.„, 



2 



JOHN ERIK FORNjESS, LINA LEE, YUAN ZHANG 



where p is a C 1 defining function of fl and = d^i A dC,2- 

For smooth finite type convex domains in C 2 , the result has been known for some 
time (see [9]). In that paper, Range used Skoda's technique to construct a different 
Cauchy-Fantappie kernel and carried out the Holder estimates for d equations. 

Henkin in [5] proved the theorem in the case of the bidisc. In this case, the 
integral formula is still valid although the domain does not have smooth boundary. 

The methods in the two cases are different. In the finite type case one can 
directly estimate the kernel H and show it is uniformly in L 1 for points z £ fl. In 
other words one can estimate the integral of the absolute value. For the bidisc case, 
this approach fails. Instead Henkin uses an argument involving integration by parts 
which essentially takes the integral over the flat face {|£i| = 1} to an integral over 
{IC2I = 1} and vice versa. For these new integrals one can integrate the absolute 
values of the integrands to prove uniform L 1 estimates. This idea has been carried 
over to more general polyhedra, see |5j even in higher dimension. It is not known 
whether one can solve for infinite type smooth convex domains. 

In this paper we will investigate the case of some convex domains which have a 
relatively open part of the boundary which is Levi flat and another part which is 
strongly convex. For such domains one can split the boundary into three pieces. 
One which is the flat points, where one can use the method from Henkins bidisc 
result, one which is a compact uniformly convex part and a third one which contains 
strongly convex points near the flat part. The main difficulty is to deal with the 
third part. 

This difficulty is already apparent in the case of smooth domains which are 
strongly convex except for one infinitely flat point. We will discuss this case and 
show that there is a critical exponent which decides absolute integrability of the 
Henkin kernel. This information motivates how to find a rounded off polydisc 
where one can solve d with sup norm estimates. 

Our main case is the following: 

Example 1. Let \ ■ R+ U {0} — > R+ be a smooth function such that x"(<) > 
everywhere, x"(t) > f° r an t £ (1,1 + a), and 



We show that we can solve d with supnorm estimates on this domain. Another 
interesting example is the flattened ball: fl — {\z\ 2 + \w\ 2 < 4, Hew < 1}. In this 
case it is not known whether one has supnorm estimates. The problem seems to 
be the boundary points (0, 1 ± i\A3) where the complex gradients of the functions 
(\z\ 2 + |w| 2 ,Rew) are not complex linearly independent. 

The paper is organized as follows: 

In the next section we recall the proof of Henkins bidics theorem and the strongly 
convex case. Then in Section 3 we discuss domains with totally real flat parts. In 
Section 4 we discuss the example above. We remark that as an application of this 
we get supnorm estimates for some rounded bidisc. 




where a > e, r\ > are small numbers such that x'i x'\ X'" > 0- 
Let us define a domain SI C C 2 as follows: 



n={p(z 1 ,z 2 )= X (\z 1 \ 2 ) + \z 2 \ 2 <4}. 
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2. Background Results 
2.1. Henkin's integral formula on a bidisc. 

Proposition 1. Let Q = {\zi\ < 1, \z2\ < 1}- There is a constant C > 0, so that 
for any f = f\dz\ + f 2 d~z 2 and df = on fl, \\f\\oo < oo. 
Then 

(2.1) u(z) = — \(- z\ 4 ^ ^ 2 ^ ^ 2 

1 f f 1 C~2 ,7 . A/ . . , A . I f f 2 (zi,( 2 ), 7 . 

+ -r-2 / 7 77 f2 d Ci A dCi A d(2 + — / — dC 2 A dC2 

4tt 2 y| C2 |=i,| Cl |<i Ci -zi 27T J\C2\<i (2-z 2 

1 f f 2 Ci ,7 . . ,> . » / /i(Ci,^2) ,7 . 
/ 7 IT 12^2 ArfCi AdC 2 + — / -t dCiAdCi 

gives a solution for du — f on fl, ||m||oo < C||/||t»- 



From now on, we also denote / < Cg for some constant C by / < g, for simpli- 
fication. In [5], the details of the proof was not given. For the completeness of our 
result, we give the detailed computation here. At the end of the section, we will 
also show the supnorm estimate of the d equation. 

Proof. The usual Henkin's integral formula on a domain fl = {p < 0} C C 2 is as 
follows: 



in o\ aJI„( v \ f PCi (Cg - 22) - PC2 (Ci - zi) 

(2 ' 2) ^ = L iPC, ~ CO + PC, (-2 - C2)] IC — z| ^ 

/l(?1 "Tc-# ?2 " l2) ^ A rf?2 A dCi A dC2 

Applying this formula on bidisk, we get 

4tt 2 u(z) =/•••+ / ...= /...+ / ...+ / • = A 1 +A 2 +A 3 , 

Jq Jon Jn •'|Ci|=i,|Ca|<i ^ | C2 1 =1 , | Ci I < 1 



where 



M=l A(C 1 -^) + /2(C 2 -^) ,7 iA€2ArfClA , C; 



IC-*I 



2- 



a 2 = / 7 U h'Z 2) 12 / A "(0 - / ? ga ,T,? a) |2 /^c 2 a -(c), 

yicii=i,icai<i Ci(«i - Ci)IC - *f ^iCii=i,K2i<i ( z i - Ci)IC - A 

/c 2 |=i,ic 1 |<iC 2 (^2-C2)IC-^l 2 V| C2 |=i,icii<i te-CaJIC-sr 1 ^ kW 

and w(0 = d£i A d( 2 - 

Now let us look at A 2 . We may pick a small e > such that B(z 1 ,e) = 
{C : IC - zi| < e} C D t = {Ci : |Ci| < !}• Then we apply Stokes' Theorem on 
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D\ \ B(zi, e) for the boundary integral on |£i| = 1: 



(C 2 -^ 2 ) 

Ci|=i,IC2|<i ( z i - ~ z \ 2 

tr H~Z 2) 7 | 2 /^C 2 Ac(C)+ / A(.-.)u»(f)A W (C) 
|Ci-zi|=e,|f 3 |<l \ Zl ~ GJIC ~ Z \ JD 1 \B(ai,e),|C2|<l "Cl 

(C 2 -^2) 

Ci-zi|=e,|C2|<l 



(2i - G)IC - A 2 



C 2 - z 2 Cl — z l j. /7a . /*\ 

/ 2 w(C)Aw(() 



Di\B(ai,e),|C2|<l ( Z l _ Cl) IC ~ A 



4 • 



Jd 1 \b(z 1 ,c),\C2\<i ( z i - Ci) IC - A 2 <9Ci 
As e — *■ 0, we have 

B 1 ^2m[ f2{ZlX2) dQ 2 Ad^ 

"'IC2KI C2-Z 2 
/ 2 (C 2 -^2) 

IC-^I 4 

We use df = and integration by parts to get 



-83=/ 7 TV 17 i2"57r w (0 Aw (0 



B 2 ^ j J , c _ z| /^ (C)Ao;(0. 



C2 - 2 2 1 9/l - 

-w(C)Aw(C) 



d 1 \b(* 1 ,«) 1 |Cb|<i ( z i - Ci) IC - z| 2 9C 2 

/l C 2 -^2 ,7 f/-\ , f /l(Cl-^l) . />x 

7 ~T? T^ rf Ci A w(C) + / -77 -m-^(C) A w(C) 

_/i C 2 -z 2j - a ^ i f /i(Ci-zi) 

C2|=1,IC: 



. rfCiAu;(C)+ / Jl ; L ^ (C)A^(C). 

ii<i Ci-^i ic — «] A2 ic-# 



Therefore we have 



(2.3) A 2 = B x + B 2 + B 3 



■ 2,i [ f -p^dt 2 Ad( 2+ f ^fi-y ^C) A .(C) 
•/IC2K1 C2-z 2 7n IC-z| 4 

/l C 2 -^2 ,-t , [ /l(Cl _ ^l) />\ A / A \ 

7 77 [2 d CiAw(C + / —h r w K Aw( 

l=i,lCii<i Ci - zi \(- A Jq \(-A 

fl C 2 -^ 2 ,7 A / >\ 1 o • f / 2 (^l,C 2 ) j-r 



Ai+ / - ^ i ^dC 1 Aw(C) + 27ri / ^ v ^^ rfC 2 ArfC: 



ic2i=i,icii<i Ci - 21 IC- z| 2 ' i|f 2 |<i C2-z 2 



-,2 



Calculation of A3 is similar. Hence we get l|2.ip as in the Proposition. 

We show next that the solution u in l|2.ip is bounded if |/| is bounded. It suffices 
to estimate the second and fourth expression on the right side. Since they are 
symmetric, it suffices to do the second one. 
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Notice that a + b > a 2/3 b 1/3 if a > 0,6 > 0. Hence we have \z - C,\ 2 > \z x 
Ci| 2/3 k2 — C2| 4/3 - Therefore 

1 |C 2 -^|< 1 |C a -^| 



|Ci - zi\ |C - z\ 2 ~ |Ci - zi\ ICi - ^i| 2 / 3 IC2 - z 2 \^ 

1 1 



" ICi-^i| 5/3 IC 2 ~^| 1 / 3 

Then the integrand in the second expression of l|2.ip is integrable. □ 

2.2. Henkin's integral formula on a strongly convex domain. The estimate 
of the Henkin's integral formula is well known for strongly pseudoconvex domains 
(see [4]). Here we include the proof for strongly convex domains first because the 
method we use is different from that in [4] and also because the estimtates for other 
special domains in section 3 and 4 are based on the estimate we show below. Hence 
it would not inconvenience the reader if we skip the estimate in section 3 and 4 
which are the same as in the case for strongly convex domains. 

Proposition 2. Let fl = {p < 0} C C" be a smoothly bounded strongly convex 
domain. Let du = f and df = on fl, for f 6 C°°(£l). Then we have \\u\\ < 
\\f\\oo> where IMloo = su p{K z )I : 2 G H}. 



Proof. It suffices to show that the integral Hf in (|l.ip is bounded. Recall the 
formula for Hf: 

Hm = [ f r i( ^T! 2) 7 C2( ^y ^ a 

Jcedn [Pd( z i - Ci) + Pc 2 ( 2 2 - C2)] \(-z\ 2 
Let F(z,Q = Pd(zi - Ci) + Pc- 2 ( z 2 - (2)- Then we have 

Ae^2 (|ImF| + |ReF|)|C-z| 
If we let z = (xi + ix2,X3 + 1x4) and £ = (t± + it-2, t% + U4), then 



ReF(z,C) = ^^(ar,-i,). 
i=i J 



For fixed C € <9f2, the Taylor expansion of p at C evaluated at z g fl is as follows: 

1 4 r) 2 

p(z) = 2ReF(z,C)+2 £ g^fi^ ~ t.Kxk - t k ) + 0(\z ~ 

> 2ReF(z, C) + C\z - C| 2 + OQz - (\ 3 ). 
Hence for 5 > small enough, we have 

(2.4) |ReF(z,C)| > C'\z-(\ 2 , for z e O, |z - C| < 6, 

since ReF(2,C) < 0. We may assume ||V/?(C)|| = 1 for all ( e dfl. Then 
|Re-F(z,£)| is comparable to the square of the distance from z G fi to the real 
tangent plane to dtt at ( S 90. Hence if z £ ft and |z — CI > S, then |ReF(z, C)| > 
inf {\ReF{z,()\ : \z - C| = 6, z € H} > <5 2 . Therefore we have 



\Hf(z)\< ■•■+/ ■••=/ + // 

JCe9f2,|z-CI<<5 ./Ce9fi,|z-f|><5 
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and II < 1 1 /| Ioq. Therefore it is sufficient to show / < H/H^. Let z € fl be fixed 
such that S z .s — {C € c?£l : \z — (\ < 8} ^ 0. May assume S > is small enough 
such that dp/dtz k 1 on S z ,8- Then we have dp — p^dt-y + pt 2 dt 2 + Pt 3 dt 3 + pt^dt^ 
and 

dt 3 = — (p tl dti + p t2 dt 2 + Ptidt A ), on S z 5 . 
Pt 3 

Therefore |g?£i A w(C)| ~ dt\dt 2 dt\ and \dC, 2 A w(C)l ~ dt\dt 2 dt^. So we have 

(2.5) / < 11/11 / 7! ; p- -dt X dt 2 dt 

K ' ~"- /llo % 1 - Xl ) 2+ (t 2 -x 2 )=+( t4 - !C2 )=<* (IImFl + lReFDlC-^1 

It is easy to check that d\mF/dti ^ near S^. Hence the Jacobian of the 
coordinate change mapping <&(t) = (t\,t2,ti) — > (£i,t2,ImF) does not vanish on 
Sz,«- We have 

(2.6) i < ii/il / nH + m/fW 



4- 



< 



l/ll 



ln(|ReF| + a/S) - ln|ReF| 



(t 1 -x 1 ) 2 + (t 2 -x 2 ) 2 <5 lCi-^i| 



dt\dt 2 



J(ti-X!) 2 + (i 2 -x 2 ) 2 <5 Kl-Zl| 

By (1231), we get 

(2-7) /<||/IL/ i^Mi dtufta 

J(ti-Ki) 2 + (t 2 -x 2 ) 2 <5 Ki-^i| 

S||/|| / IM| a -6P + l*-6ni fefe 

J(t 1 ~Ki) 2 + (t 2 -i: 2 ) 2 <5 

J(ti-xi) 2 + (t 2 -x 2 ) 2 <<5 I SI ^1 1 



Let us use polar cooridnates for (ti , t 2 ) such that \z\ — Ci| — r and <i = xi + r cos ( 
Then we get 

r<<5 

□ 



i<\\f\L [ 

J r< 



3. Some convex domains with totally real flat parts 

In this section we shall study smoothly bounded convex domains in C 2 which is 
strongly convex except on some totally real flat boundary pieces. We assume those 
flat parts to be of exponentially infinite type. 

As one can see in the proof of Proposition [21 to discuss the integrability of the 
Henkin kernel H in (|l.ip . it is enough to consider the case when z is close to the 
boundary and the integral on a small boundary piece close to z. For the domains 
we consider in this section, if z is close to the strongly convex boundary point and if 
one can choose a small neighborhood around z such that the boundary piece in that 
neighborhood is strongly convex, then we can use the same estimates as in l|2.6p 
and l|2.7p and the integral is finite on that boundary piece. Therefore it is enough 
to consider the case when z is close to the exponentially flat points, and evaluate 
the integral on S Zt g = {( € <9f2 : \z — £| < 6}. 



SUPNORM ESTIMATE 



7 



Lemma 3. If a C 2 -function (f> : K+ U {0} — > R+ U {0} satisfies 4>'{t) > and 
4>"(t) > /or aZ/ i G K + U {0}, i/ien VK^) := <fi( x i + ' ' ' + x n) * s a convex function 
on R n . 

The proof is straightforward and is omitted here. 

Lemma 4. Let (f> be a smooth function on M. + U {0} such that (f)(0) = <p'(0) = 0, 
<j>"{t) > 0, and 4>'"{t) > 0, for all f e K+ U {0}. Let p, q e K+ U {0}. Then we have 

<H<?) - Hp) - <P'(p)(q-p) > <P{q-p), ifo<p<q, 

and 

0( g )_0(p)_0'(p)( g -p)>0"^£±«V£Zi^ , if0<q<p. 

Proof. Let us assume < p < q and let g = p + s. We want to show the following: 

g(p, s) = </>{p + s) - {(Pip) + s<f/(p)) - </>(s) > 0, Vp, s > 0. 

Obviously g(0, s) — 0. Moreover dg/dp — (f>'(p + s) — <fi'(j>) — s<j>"(p) > since <f)' is 
a convex function on R + U {0}. Therefore g(p, s) > for all p, s > 0. 

Now assume < q < p and let p = q + s, s > 0. Let s) = 0((7 + s) — <fr'(q + s)s. 
Then we have h(q,0) = (f>(q) and dh/ds = —<p"(q + s)s < 0. Hence we get h(q,0) — 
Hq,s) > h(q,s/2) - h(q,s). Note that d 2 h/ds 2 = -(f)" '{q + s) < 0. Therefore we 
have 

h(q,s/2)-h(q,s) ^ dh , 



-s/2 iTs^'M' 
Hence 

(f)(q)-(f>(p)-(f,\p)(q-p) = h(q,Q)-h(q, S )> S ^(f>" [q + |) = (f," (*±l) ^EZ_2^ . 

□ 

We construct two smoothly bounded convex domains fii,f)2 C C 2 as follows. 
Locally, we study dfli n B(0,e) C {p(z) = Rez 2 + exp(-l/|zi| a ) = 0} and dfl 2 n 
B(0, e) C {p{z) = Kez2 + exp(— 1 / 1 Re ^i | Q ) = 0}. Here e is small enough so that 
exp(— l/|zi| Q ) and exp(— l/|Rezi| Q ) are convex if \z\\ < e. As one can see, the 
boundaries of fix and SI2 are strongly convex everywhere except along the imaginary 
Z2 axis in Sli and along both imaginary 21,22 axis in ^2- Moreover, in the origin 
in Sli and in the imaginary z\ axis in ^2, the boundaries are of exponentially 
infinite type. To get bounded convex domains in C 2 , we need the following patching 
Proposition: 

Proposition 5. Let fl C C™ be a smoothly bounded domain and € dfl. Then there 
exists a domain £1 CC C" such that dfl is smooth and dfl D -8(0, e) = dfl n B(0, e) 
for some small e > and that dfl is strongly convex except possibly on dQnB(0, 2e). 
Moreover if fl is convex, then fl can be chosen to be bounded convex. 

Proof. We use Lemma [3] with the following function: 

'0, <G[0,e 2 ), 



(3.1) m 



e 



Then if) : [0, 00) — ► [0, 00) is a smooth convex function and we have tf)'(t) > 
0, ip"(t) > if t > e 2 . Moreover, there exists (3 > such that ij)"{t) > f3 if t > 4e 2 . 
Let p be a smooth local defining function of £1 near 0, i.e., flHU = {p < 0} C\U for 
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some neighborhood of U. We consider = {z e C™ : p + Mip(\z\ 2 ) < 0} with some 
appropriate constant M > 0. Since ip(t) — ► 00 as t — > 00, clearly O CC C™. Also 
n 5(0, e) = O n B(0, e), where e > is chosen small enough that B(0, e) C U. We 
may choose M large enough that is strongly convex on dVL \ B(0, 2e). □ 

Using Proposition we now have constructed two smoothly bounded convex 
domains Oi,Oa C C 2 such that 

Qi = {p{z) = Rez 2 + exp(-l/|zi| Q ) + M^{\z\ 2 ) < 0} , and 

2 - {p(z) = Rez 2 + exp(-l/|Rez 1 | a )+MV'(|z| 2 ) < 0} , 

where i\> is given as in l|3.ip . 

Theorem 6. Let a. < 1 on both of the two cases in ( f <?,<-?)) . then the solution to the 
d-equation du — f, for f = fidz\ + / 2 e?z 2 , f € C°°(0_j) and df = 0, satisfies 

IML £ II/IL- 

Proof. We show that the Henkin integral is bounded on Ox and 2 . We will split 
the boundary into three types of pieces. For strongly convex boundary pieces, we 
use the same method as in Proposition [2J For pieces in B(0,e), The estimate l|2.6p 
still holds for z and £ close to 0. By the following Proposition [7] and Proposition 
we will show the estimate is valid near 0. For the pieces on <9B(0, e)fl!l where 
the defining equation is not strictly convex, the same method as in Proposition [7] 
and Proposition [8] can still be applied. Indeed, in the proof of those propositions we 
only used the estimates in Lemma[H The estimates of |ReF| continue to be valid. 
We leave this part to the reader. 

We follow the same method as in Proposition [2] and get l|2.6p . It comes down to 
estimating |ReF| near for each of these two special cases, where 

F(z,C) = Pdizi ~ (l) + P( 2 ( z 2 ~ &)■ 

Proposition 7. Let O n 5(0, S) = {p{z) = Rez 2 + cxp (-l/|zi| Q ) < 0}. Then, for 
sufficiently small S > 0, we have 

f |ln|ReF(z,QIU M ^ 
/ j -r-j dtidt 2 < 00, 

Jy/q+q<5 F1-C1I 
for z e H n B(0, S), if a < 1. 

Proof. Let 4>(t) — exp (— l/i"/ 2 ) . Then we have p(z) = Rez 2 + 0(1-^1 1 2 )- Since 
C € <90, we have ReC2 = — <MICi| 2 )- Hence we get 

Re F = Re0'(|Ci| 2 )Ci(^i - Ci) + ^Re(z 2 - Ca) 

= 0'(|Ci| 2 )ReCi(^i - Ci) + \ (Rez 2 + <HICi| 2 )) 
Since TLeF < and Rez 2 + 0(|zi| 2 ) < 0, we have 

lRe.Fl = — ReF = </>'(|Ci| 2 ) [|Ci| 2 - ReCi*i] " ^(ICi| 2 ) - \^z 2 

> ^'(ICil 2 ) [IC1I 2 - ReCi^i] - ^(ICil 2 ) + ~<KN 2 ) 

> \ [^(ICil 2 )(ICi| 2 - M 2 ) - <MICil 2 ) + <XN) 2 ] 
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Apply Lemma S] with p = |£i| 2 and q = \zi\ 2 . Then we get 



|Re^| > -0(|^i| 2 - ICil 2 ), ifM>lCi| and 



|ReF|>-< 

Hence we have 

|ln|ReF(z,Q|| 

t\<s ki — Ci I 



i,,(\zi\ 2 + \d\ 2 \ /ICi| 2 -ki| 



if kil < ICil 



dtidt 2 < 



|ln0(ki| 2 -|Ci| 2 )l 
- Cxi 

| lia (^((l^p + |C 1 | 2 )/2)(|Ci| 2 ~ |^ 1 | 2 ) 2 /4) | 



dt\dt2 



|t|<*,l*d>ICi| 



dt\dt<L 



< 



t\<5 



'|t|<>5,|zi|<|Ci 

|ln0(ki| 2 -|Ci| 2 )l 



dtidt 2 



ki-Cil 

I In (^"((lanl 2 + |Ci| 2 )/2)(|Ci| a - ki| 2 ) 3 /4) | 



|t|<« 



\zi - Cl 



dti 



We shall show that I < oo and II < oo. Let us first consider /: 



(3-3) I < | 



|ln^(| Zl | 2 ^|Ci| 2 )| 
- Cxi 



1 



IM 2 -ICilT /2 k-Ci| 



I + ii. 



dt\dt2 



Let us use the polar coordinate centered at z\ and let Ci = z i + re . Then we get 

r2ir r l 



I< 



< 



1 



o Jo l r{r + { Zl e- M + z 1 e lf> )) 

2, ,1 1 1 



\ a/2 drd6 



< 



o Jo r2 (r + (zie~ ie + z 1 e i9 )) 2 

27T ,1 , 1 

+ r - 

r l r + (zxe-' 19 + z 1 e t9 ) 



o Jo 



\ a/2 drd0 



] a drd6 < oo, 



if a < 1. 

Now let us consider 77. We have 



4>'(t) = cxp (-l/t a / 2 ) 



a 1 



^>=-(-v^K[!-( 1+ i)<' 



/2 



(3.4) 



>c7( a )exp(-lA«/ 2 )^. 



if we choose <5 > sufficiently small such that that 4>" (t) > for all i < <5 2 . Therefore 
we get 



II < 



1 



i t i<A(kil 2 + ICil 2 ) a/2 



< 



l*l<<5 



ln|ki| 2 -|Ci 



-dtidt2 < oo, 



1 



ki-Cil 



dt\dti 



if a < 1. 



□ 



Propositions. Lei n 5(0, <5) = {p(z) = Re z 2 + cxp (-l/|Re z x \ a ) < 0}. T/ien 
we have 

|ln|ReF(z,QIL , , ^ 

j — -; dt 1 dt 2 < oo, 

v /tf+tf<5 Fi-Cil 
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forze nr\B{0,6), if a < 1. 

Proof. Let cf>(t) = exp (-l/t a / 2 ). Then we have p{z) = Re z 2 + <j)(\Re zi| 2 ) . Since 
C € 9f2, we have — Re£2 = <X|Re Ci| 2 )- Hence we get 

2ReF = <f>'(t 2 1 )2t 1 (x 1 -ti) + (Rez 2 - ReC 2 ) 
= 0'(t 2 )2ii(xi - ti) + (Re z 2 + 4>{ti)) 

Since ReF < and Rez2 + </>(|,zi| 2 ) < 0, we have 

|2ReF| = -2ReF = 20'(< 2 )(< 2 - t lXl ) - (Rez 2 + 4>{t\)) 
> ^(tj) (tj - x\) - ^(tj) + ^(xj). 

Apply Lemma [4] with p = t\ and q — x\. Then we get 
|ReF| > \^(x\ -if) ifa; 2 >^ and 

i Ref i>^(£i±ii)(i_£i) 2 if , ;<tf . 

Hence we have 

|ln|ReF(z,C)|| 



t\<s ki-Ci| 



dtidt 



2 



. f |ln0(x 2 -t 2 )| ^ /• |ln(0"((x 2 +t 2 )/2)(t 2 -.x 2 ) 2 /4)| ^ 
^ / — i 71 — atiat 2 + / ; — ; «ei 

J|i|<(5,|xi|>|ti| I ^1 S. 1 1 ^|t|<5,|xi|<|ti| \Zl—C,l\ 

<i \^Mzp[ dhdt2+ 1 liW^MB-!Ml t , i ,. WI 

J|t|<«5 Fl-Cll 7|t|<5 Fl — Cx I 

We shall show that /, II < oo. First let us consider /. If we assume a < 1, then we 
can find e > such that a + 2e < 1 and we have 

I < I — TTiTTFTi ~ dtldh 



—dt 1 dt 2 



\xi + ti| a / 2 |xi - ti| Q / 2 |xi - ti| e |a;2 - t 2 \ 
<l I i ?ru<ifi (/ i UzT^dh) <00. 



/| tl i<i \xi + h\ a J \J\ tl \<i ki-ti| Q + 2 ' 

Let us consider 77. From (|3.4p . we get 



H ^ I ( l ? "T9\ /9 + IH^i ~*ill ) 1 l —ridt 1 dt 

J\t\<8 V(zi+*i) a/2 7 ki-Cil 



2 



< 



/ f i — r- I i rr n — dtidt 2 < 



if we choose e > such that a + e < 1. □ 
The proof of Theorem 5 is thus complete. □ 
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4. ROUNDING OFF A BALL CUT BY A CYLINDER 

Let's recall Example 1: 

Let x '■ ^ + U {0} — ► K + be a smooth function such that x"(t) > everywhere, 
X"{t) > for all t e (1, 1 + a), and 

fi, te[o,i] 
x(*) = |i + «p(-(^jt). te(i,i + e), 

— 77, f > 1 + a 

where a > e > are small numbers, < r; < a. Let us define a domain £1 C C 2 as 
follows: 

fi={p(z 1 ,z 2 )= X (|z 1 | 2 ) + |z 2 | 2 <4}. 

Proposition 9. If a < 1, £ften the solution u to the d equation for the domain in 
Example 1 has supnorm estimates ||w||oo ^ ||/||oo- 

Proof. Note that 

(4.1) dQ={\z 1 \<l,\z 2 \ 2 = 3} 

U{1< M 2 < 1 + a, x(\zi\ 2 ) + \z 2 \ 2 = 4} 

U {|zx| 2 > 1 + a, \ Zl \ 2 + \z 2 \ 2 = 4 + 77} = Pi U P 2 U P 3 . 
Solve du = f = f\d~z\ + f 2 dz 2 on using Henkin integral: 

/1(? '"Tc- + # & " a) <gi A ^ A * A * 

■ • = U\ + U 2 + U 3 + U4, 



I Pi J Pi JP 3 

where 

F(z,C) = Pd( z i - (2)+ P( 2 {z 2 - &)■ 

We shall show that 

INL £ ll/IL > = 1,2,3,4. 

The proof of llu/tH^ ^ ll/lloo nas been included in the literature. The estimates on 
u 2 and U3 are also omitted here, as they are exactly the same as in Proposition Q] 
and Proposition [21 

For the estimate of || u 2 H^, we first compute 

F(z, = J|(0(*i - Ci) + J|(C)(22 - C2) 



■^t^W ad(zi-Ci) + 7( Z2 _ C2 ) 
2(ICi| 2 -l) f+1 



Notice on P 2 , it's strictly convex except at those points (£1, C2) so that (|£i|, IC2I) = 
(l,\/3), The integrand in u 2 becomes most singular when (zi,z 2 ) is near those 
boundary points. From now on we assume (|zi|,|z 2 |) € Ct, (|Ci|, IC2I) € are 
both close to (l,\/3)- We can also assume that / = f\dz\. Indeed, since p = 0, 
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PCi^Ci+/ 9 ^ 1 ^Ci+PC2^C2+/^ 2 ^C2 = on Therefore d( 2 = d 1 d(i+d 2 d( 1 +d 3 d(2, 
where di,d 2 = o(l). Then dQ 2 A d(\ A d( 2 = o(l)dCi A ^Ci A c£C 2 - 



l4<||/||oo/ 7=] T-rdCiAd&A^ 

Ji<|Ci|<i+^x(ICil 2 )+IC2| 2 =4 l-P IR - C,i | 

+ H/II00/ ipii 1 7 , rfCi AdCiArfC2 :=I + II. 

Ji+£<K 1 |<i+a, x (|Ci| 2 )+|C2| 2 =4 l-f IFi - sal 

/< ll/lloo/ r— j-j — TT^Cl A dCl A d<^2 

Ji<|Ci|<i+^x(ICil 2 )+IC2| 2 =4 l-P iFi ~ Cil 



= ll/lloo / 1 rTTm^rriT AdCi AdCi- 

^K|Ci|<i+e,x(ICil 2 )+IC2| 2 =4 |*i - Ci|(|ReF| + |ImF|) 

W< ll/lloo- 

Since g 1 ?^ w 1 as £2 ~ \A3, by taking change of coordinates, we can assume the 
last integration is actually over dlmF A c?Ci A Therefore 

Jl<|Cll<l+e l Z l~S,l| 

Here, 

(4.3) ReF = e" ^ + Re (C 2 * 2 ) - 3 + e" uch'-d^ . 

2 (ICi| 2 ~ !) 2 + 

We need the following lemma: 

1 

Lemma 10. Let ReF be given by QJfy and let <p(t) = e ? for t > 0, 0(0) = 0. 
Denote y = ReC^i — 1 and x — |(i| 2 — 1. Then 



(4.4) |ReF|>< 



'<f>(y-x), if y > x > 

U"(l)(f) 3 . if y<° 

Proof. Since ( E P2, z E £1, we have 

<KICi| 2 -i) + IC 2 | 2 -3 = o, 

0(||z 1 | 2 -l|) + |z 2 | 2 -3<O. 

Notice ReCi^i < ^|Ci| 2 + ||-Si| 2 , Re( 2 z 2 < 1 C2 1 2 -t- 1 ^2 1 2 - Moreover, <j> is increasing 
and convex when t is close to + . So 

<t>{\y\) < <t>{\{\b\ 2 - i) + - i)|) < ^(ICil 2 - 1) + ^(|N 2 - i|) 

<^(3-|C2| 2 ) + i(3-|z 2 | 2 ) 

= 3-(i|C 2 | 2 + iN 2 ) 

<3-ReC2^2- 
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Therefore if y > 0, 



ReF = 4>\x)(y - x) + Re (( 2 z 2 ) - 3 + 0(a) 
<0'(aO(y-aO-^(y) + 0(a:). 



Applying Lemma H] to the above, we have the estimates in (|4.4j! 

if y < o, 

ReF = 0'(a:)(y - s) + Re (C 2 ^ 2 ) - 3 + 0(a) 
= <j>'(x)(Q-x) - 0(O) + 0(») 

^" (f)(1) 2 - 



We then have 



Jl<\Ci\<l+e,y>x |Re(Cl^l - ICirJI 2 \Zl ~ Cl| 

|ln(|Ci| 2 -Re(Ci,i))l ^ 



K|Ci|<l+e,0<3/<x (ICll 2 ~ Re(CiZl)) ^ \zi - Cl| 

ln(ICi| 2 -l)l| « A ... 



Here, 



/l<|Ci|<l+e,j,<0 (ICll 2 - 1) 2 W - Cll 

:=||/||oc(A+v4 2 + A 3 ). 



^i<{/ [Red-^— )]5|^_| dClAdCl 

Jl<|Ci|<l+e,K>x Cl Zl — U *1 — U 

Jl<|Ci|<l+e ICl I 1^1 — Cll 

<{/ |-^- r | 1+ *dC 1 AdC 1 <c» 

Jl<|Ci|<l+e z \ - U 

|ln|Ci-zilL - 

K|Cl|<l+e ICl ~ ^l| 1+f 



A 2 < I — ^\ |1+ i dCi A dCi < oo 



□ 



when a < 1 

For ^3, we need to use the inequality a p + b q > a6 for a, 6 > and 1/p + 1/g 

2 



g > 1. Now since a < 1, we can choose po > 2 so that 2^ < 1 and go satisfy 



l/po + 1/qo = 1. Then q < 2. 

A *< [ ^f'^A dCx A dCi + / , 1 |go dCi A rfCi 

«/l<|Ci|<l+e (ICll 2 "I) 2 A<|Ci|<l+e l z l - Cll 90 

/ — ^j! — c?Ci A d(i + const. 



/ 



<l+e 



(ICil 2 -!)^ 
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In the first integral, take the polar coordinates £ = re l6 . Then 
A 3 < - — ^-dr + const 

il<r<l+e (r 2 — 1) 2 

. f |ln(r- , 

< / — xPoa dr + const < oo, 

Jl<r<l+6 (r - 1) 2 

by our choices of po, qo. □ 



One can similarly consider the domain obtained by rounding off the corners of a 
bidisc. See the following example: 



t < 1 - a 

1 




1 — a, t > 1 — a, 



(t 2 - (l-a) 2 )f 

where a > is a small constant such that x(t) is convex on [0, 1] and k is a constant 
chosen such that = 1, i-e., 



k = a ■ exp 

Let 



1 



(2a- a 2 ) § 



n = M*) = X(N) + X(N) - 2 + a < 0} C C 2 . 
As we can see, the boundary of O consists of the following sets: 

(4.5) dfl = {\ Zl \ < 1 - a, \z 2 \ = 1} U {\ Zl \ = 1, |* 2 1 < 1 - a} 

U{|zi|,|z 2 | > 1 -a, p(z u z 2 ) = 0} = Pi UP 2 U Pa- 
Integrals on flat pieces Pi and Pi fall into the Henkin's bidisc situation. The 
supernorm estimates of the integral over rounding off piece P3 can be carried out 
the same way as we discussed in Example 1 when a < 1. 
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